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654. 


ON CERTAIN OCTIC SURFACES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xiv. (1877), 
pp. 249—264.] 


I. CONSIDER the torse generated by the tangents of the quadriquadric curve, the 
intersection of the two quadric surfaces 
aa? + by? + c2? + dw* =0, 
aa? + by + cee + d'w* = 0; 


then, writing 
be’—b’c=a’, ad’—ad=/’, 
ca — ea =b, bd’—bd= 9’, 
ab’ -ab=c, ced’ —cd=h’, 
and therefore — 
af’ +9 +ch =0, 


the equation of the torse, writing for greater convenience (a, b, c, f, g, h) in place of 
(a’, V, c, f’, g, K), but understanding these letters as signifying the accented letters 


a,0,¢,f7, 9, &), % 
S utki af yA + bigrziat + ehay 


+ @f satu + bgtytwt + ehu 
+ Weerghatyc? — 2f ahayu? + Wf agiu 
+ 2carhfyea — 2a gbfyzrw + 2cg’bhy'arw* 
+ 2abfgeraty? — Whecgzicw + 2ahefAy u? 
— QbegPheuty?et — 2eahef w — Labf gwr 
+ 2 (bg — ch) (ch — af ) (af — bg) ay’2*w* = 0. 
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If in this equation we write 
af =a a, af”? =f, 
bq’ = b, bgn =o, 
oh =0, ohr =h; 
and therefore 


Gees eA a ee ee y 

bo De" wa at eae 
+ ey b / lA 

a oen Egy TAE i 

5 Pee Ii gees, Say AH 

edie dat 55 cd vaaia 


and consequently 
(af) + (bg) + (ch) =0; 
then the equation becomes 
ayt + beat + caty! 


+ fratwt + gPytwt + hezu 
+ 2beatry?2? — 2cfatry-w* + 2bfate*w* 
+ caya — 2agy'2’w? + 2cgy*xu*w? 
+ 2abzAax*y? — Wbhzsarw? + 2ahzy?w* 
— 2ghwy2? — 2Zhfwiea* — 2fgwiay? 
+ 2 {(bg)* — (ch)}} {(ch)* — (af Y} Caf} — (ch) ayru? = 0. 
This same equation, without the relation 
(af)! + (ogy + (ch)? = 0, 
and with an arbitrary coefficient for xy?z?w?; or say, the equation 
ayt + bzta + cary! 
+ feau + gytwt + hc! 
+ 2beaty?2? — 2ofaty*w + 2fatew* 
+ 2caysz*a? — 2agyte*w* + 2cgy*a?w* 
+ QabzAn%y? — Abhzta*w? + 2aheryrw 
— 2ghwiy?2* — 2hfwiea? — 2fgwia?y? 
+ 2harp2w* = 0, 
where a, b, c, f, g, h, k are arbitrary coefficients, is the general equation of an octic 
surface having the four nodal curves 


æ =0, hew? — gwy? + ay’? = 0, 
y=0, —hew?  . + fw'a? + bea? =0, 
z2=0, gyw—fww . + cay? =0, 
w=0, -aye = ber — cy . =0. 
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In fact, the equation of the surface may be written in the form. 
wt { fat + gyt + hist — ghy? — hfa — 2fgary?} 
+ 2w* i ofaty’ — agy'z* — bheta* + 2ka*y?z* | 
+ bfa’? + ogy’? + ahaty? J 

+ faye + bea + ca*y*}* = 0, 

which puts in evidence the nodal curve 
w=0, — ay’? — bea — cay? = 0: 

there are three similar forms which put in evidence the other three nodal curves. 

The four curves are so related to each other that every line which meets three 
of them meets also the fourth curve; there is consequently a singly infinite series of 
lines meeting each of the four curves; these break up into four series of lines each 
forming an octic scroll, and each scroll has the four curves for nodal curves respectively ; 
that is, each scroll is a surface included under the foregoing general equation, and 


derived from it by assigning a proper value to the constant k. To determine these 
values, write 


AX+e+v =), 
af , og , ch_ 4 
x2 we yo ? 


equations which give four systems of values for the ratios (A : w : v). We have then 


baf T+ bg 4 ohh, 


viz. k has four values corresponding to the several values of (à : p : v). 


The scroll in question is M. De La Gournerie’s scroll ¥,; the equation of the 
scroll =, is consequently obtained from the octic equation by writing therein the last- 
mentioned value of k. 


It is to be noticed that kÆ is, in effect, determined by a quartic equation; and, 
that, for a certain relation between the coefficients, this equation will have a twofold 
root. Assuming that this relation is satisfied, and assigning to k its twofold value, 
the resulting scroll becomes a torse; that is, two of the four scrolls coincide together 
and degenerate into a torse; corresponding to the remaining two values of k we have 
two scrolls, companions of the torse. In order to a twofold value of k, we must have 


and thence 
| (af)? + (bg)? + (ch = 0; 
or, what is the same thing, 
(af + bg + ch) — 27abefgh = 0. 
C. &. 11 
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If for a moment we write af =a, by = 8°, ch=y’, and, therefore, a+ 8B +y=0; then 
for the twofold root, we have A : u : v=a: B: y, and consequently 


k=a@(y—B)+8?(a—y) +7 (B-a) 
=(a—8)(B— y) (y — a), 


k = [(af} — (bg)*} {(bg)* — (ch)*} {(ch)® — (af)*}, 


which agrees with the result in regard to the octic torse. 


that is, 


If in the octic equation we write (æ, y, z, w) in place of (æ, y, 2, w°), then we 


have the quartic equation 
ay’? of beza? + cay? 


+f au + Pppw + kew 

+ 2bexyz — 2cfa*yw + 2bfæzw 
+ 2cay’za — 2agy’zw + 2cgyraw 
+ 2abe*ay — 2bh2*aw + 2ahz*yw 
— 2ghw*yz — 2hfwrza — 2fgwaxy 
+ 2kayzw = 0, 


which is the equation of a quartic surface touched by the planes æ =0, y=0, z=0, 
w=0, in the four conics 


æ =0, . hew—gwy + ayz =0, 
y =0, —hzw . +fwe + bea =0, 
z =0, gyw—fwe . +cay=0, 
w=0, —ayz—bex—cay . =0, 


- respectively. 
II. The octic surface 

U = VEF + agy + wb hs’ + fgh" 
— 2arcg (bg — ch) y? — 2bah (ch — af ) 2a? — 2c*bf (af — bg) ay? 


+2a°>h( , )ye +20ef(  , ) eae +2ag( ,, ) ay’ 
—2fbe( „ )awi—2Qg%ca( , )yw?—2hab( „ ) ew 
+2fgh( , )aws+2ghf( „n )yrw'+2hfo( ,, eu 
+ f? (b+ ek — Abgch) wa + 9? (eh? + af? — 4chaf) wyt + h (af? + bg? — 4abfg) wie 
+a ( é ) yz +b ( i +) At + ( t Jay’ 
— 2gh (begh — œf? — 2afbg — 2afch) wy?z? 
— 2bh ( " ) aw? 
+ 2cg ( r ) yew? 
+ 2be ( 5 Jaye 
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— 2hf (cahf — bg? — 2bgaf — 2bgch) w'z?a? 


— 2of ( ; ) tye? 
+ 2ah ( j? ) A yw? 
+ 2ca ( M4 ) ya? 2? 
— 2fg (abfg — eh? — 2chaf — 2chbg) way? 
— 2ag ( » ) yeu? 
+ 2bf ( N ) tzw? 
+ 2ab ( PR ) etary? 


+ 20a*y?2*w? = 0, 


83 


where the values of the coefficients indicated by ( „ ) are at once obtained by the 
proper interchanges of the letters, and where Q is an arbitrary coefficient, is a surface 
having the four nodal conics 


z2=0, . cy —bz? + fw? =0, 
y =0, -o . +a2°+ gw? =], 
z=0, bf-ay . ohw = 0; 
w=0, —fe—gy—-h2 . =0. 


In fact, writing the equation under the form 


WO + (fa? + gy? + ha? x (beat + ayt + abet — 2a*bcy?z* — 2b*caz*a? — 2ctabaty*) = 0, 


we put in evidence the nodal conic w=0, fa*+gy*+hz?=0: and similarly for the other 


nodal conics. 


It is to be observed, that the complete section by the plane w=0 is the conic 
fe+gy+he=0, twice repeated, and the quartic 


bea + Payt + ab — 2a*bey?2* — 2ab*cz*a? — 2abca*y? = 0: 


the latter being the system of four lines 


z 


-y 


(œ=0, by’ — 


oa Pe Cee A ae 
Ma) * V6) * O at VO)” = 
Age Se aay EA A 
v(a) V(b) Vc)” (a) V(b) (ce) 
The plane in question, w=0, meets the other nodal conics in the six points 
c2=0), (y=0, c2 —aæ= 0), (2=0, aœ — by} = 0), 


which six points are the angles of the quadrilateral formed by the above-mentioned 


four lines. 


The four conics are such, that every line meeting three of these conics meets 
also the fourth conic. The lines in question form a double system: each of these 
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systems has, in reference to any pair of nodal conics, a homographic property as 
follows; viz. considering for example the two conics in the planes z=0 and w=0 
respectively, if a line meets these conics in the points P and Q respectively, and 
through these points respectively and the line «=0, y=0 we draw planes, then the 
system of the P planes and the system of the Q planes correspond homographically 
to each other, the coincident planes of the two systems being the planes «=0 and 
y=0 respectively. 

Conversely, if through the line (c=0, y=0) we draw the two homographically 
related planes meeting the two conics in the points P and Q respectively, then, for 
a proper value (determined by a quadratic equation) of the constant k(=@® +0) which 
determines the homographic relation, the line PQ will be a line meeting each of the 
four conics, and will belong to one or other of the above-mentioned two systems, 
as k is equal to one or the other of the two roots of the quadratic equation. The 
scroll generated by the lines meeting each of the four conics, or what is the same 
thing, any three of these conics, is primd facie a scroll of the order 16; but by 
what precedes, it appears that this scroll breaks up into two scrolls, which will be 
each of the order 8. Moreover, each scroll has the four conics for nodal curves; and 
since the equation U=0 is the general equation of an octic surface having the 
four conics for nodal curves, it follows, that the equation of the scroll is derived 
from that of the octic surface U=0, by assigning a proper value to the indeterminate 
coefficient Q; so that there are in fact two values of Q, for each of which the 
surface U=0 becomes a scroll. 

To sustain the foregoing conclusions, take «= 6’y, «= Oy for the equations of the 
two planes through the line (x=0, y=0), which meet the z-conic and w-conic in the 
points P and Q respectively; then the equations of the line PQ are 


V(fO + 9) (e— Oy) +V(—h) (8-0) 2 =0, 
— /(b6 — a) (a — 0y P + /(— h) (@ — 0) w= 0, 
or, writing therein 0’ = k0, the equations are 
(FO +g) (a — kOy) + (—h) (k — 1) 0z-= 0, 
— V(b —a)(e@— Oy) + /(—h)(k—1) @w =0. 
To find where the line in question meets the plane y=0, we have 
VSO +9) a+V(—h) (k— 1) 8z =0, 
— y (bk — a) « + /(—h) (k — 1) Ow = 0, 
(JE +9) 2+h(k—-1P 2 =0, 
(bk — a) æ + h (k — 1} Pw? =0, 
or multiplying a, g and adding 
(af + bgk*) a + h (k— 1)? (a2 + gw*) =0, 
af + bgk? + ch(k—1)/=0, 


and thence 


or assuming 


www.rcin.org.pl 


654] ON CERTAIN OCTIC SURFACES. 85 
the equation is 
— cæ + a? + gw’ = 0. 


That is, Æ being determined by the quadric equation af+ bgk?+ch(k—1)?=0, the line 
PQ meets the y-conic y=0, — cæ + az? +gw?=0; and, in a similar manner, it appears 
that the line PQ also meets the «-conic æ =0, cy? — bz + fw? = 0. 


Writing for greater symmetry 1: —k : k—1=) : p : v, we have 
A+ wt vp =), 
af ? + bgp? + ch? = 0, 


so that there are two systems of values of (A, p, v) corresponding to, and which may 
be used in place of, the two values of & respectively. 


Starting now from the equations 
(f +49) (kOy—a2P+h(k—-1y &2 =0, 
(bk —a) (Oy — £F + h(k — 1} Pw = 0, 


the elimination of @ from these equations leads to an equation U=0, of the above 
mentioned form but with a determinate value of the coefficient. 


The process, although a long one, is interesting and I give it in some detail. 
Elimination of 0 from the foregoing equations. 


We have 
U = MTI [( fP +9) (kOy — £} +h (k — 1 02], 


where II denotes the product of the expressions corresponding to the four roots of 
the equation 


(bk8 — a) (0y — £} + h (k — 1} Pw? = 0. 


Observing that this equation does not contain z, and that the expression under the 
sign II does not contain w, it is at once seen that the product II is in regard to 
(z, w) a rational and integral function of the form (2, w°); and since, in regard to 
(z, w), U is also a rational and integral function of the same form (2°, w°), it is clear 
that the factor M does not contain z or w, but is a function of only (æ, y). To 
determine it we may write z=0, w=0: this gives 


o (bæ — ay’) (fa? + gy’)? = MU (fP + g) (kOy — xy, 


where 
(bk8 — a) (Oy — s} =0, 


v(a) v(a) 


and the values of 0 are therefore FEJO ,— EJO” Hence substituting and 


E = 
y? y 
observing that 

Ch? (k — 1% = (af + bgl”, 
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it is easy to find 
We hee 
~ at he (ke — 1)’ 


that is, we have 


z mab U = TI [(fO + g) (ky — 2)? +h (k — 1} P), 


(bk6 — a) (Oy — 2)? +h (k — 1) Pw’ =0. 


where 


If for greater convenience we write 0 = K ¢, then this formula becomes 


; z A U UST eg gy) (kp — 1} +h (k 1) 2°94], 


(bkæp? — ay’) (p — 1)? + h(k- 1} wg = 0, 


or, what is the same thing, 


where 


(e-e y E pao. 


Suppose that the terms in U which contain 2° are = @z*; then we have 


L IET @ = Sql (fep + 99") (bb —1), 


or, what is the same thing, 


Om Ty AZAT (fag + gy) (op — 1), 


where II’ refers to the remaining three roots ¢., $s, ¢,; this may also be written 


0 = Ey SU (seg? + gy) h-I. eee sF 
h(k — 1% y (JEP + gy?) (kp — 1)" 
Hence, observing that we have identically 


(o°— fe) G- 184 "SEE $= (b- 46-8) O-O- $0, 


and writing ¢= 2, $=7. {i = „(— L) as usual}, we find 
T {pa vf) + iy Vig) =E fo fof) E iy VO) Sow ly, 


II (ko —1) oh (ba? — ay? + hw*) ; 


whence, writing for shortness 


A=[e{av(f)+ ty vg} — Sow] lie {a Wf) — iy VG} — fow], 
= of as a eg*ys ob fogu ma 2efpyw? EA 2cf gaw? + 20°fgury’, 
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we find PREN 
1 
n (feg + gy) = EE-D ay, 
I (ko — 1p = ES (ba — ay? + he?) E , 
and thence 


N (fot? + gy?) (eb — 1 =P FY" A Qe- ay? + w, 


and consequently 
© =h(k—1) A (ba? — ay? + hw’). E 
Hence, writing 
$? A C D 
(eT Saal Sse RE YES TOME Tee TON 


we may calculate separately the terms 


EY OD WE, AT 
( fad? + gy’) (kb — 1)?" 


A B 
2 fap t ma} 
and 
lap VF) + iy vg) ap VF) iy VQ)S 
The first of these is 
1 6 
~ EHP Ge egyy Ce — agp + Tey À D 
if for shortness 
fæ, y, w= (fæ + egy’) [4 {(2 — k) ba? — ay? + h (1 — k) w} 
— 2 (ba? — ay? + hu?) {(6 — 6k + k*) baè — ay? + h (1 — k} wf] 
+ 4h? (k — 1) gy? (ba? — ay? + hu’) {((2 — k) ba? — ay? +h (1 — k) w}: 


the second is 
2 


| CEIP ya» WP 
if for shortness 
(a, y, w= {( fe —kegy’) (fa — egy’ — fgur) — 4ckfgux*y’} 
x { fobkta® + [2ch (k — 1)? + af ] gy? + fgh (k — 1)? w*} 
+ 2 {kebg — ch (k — 1Y} foa*y? [e (k + 1) (fæ — kgy?) — kfgu’} ; 
1 
O = Gat gy? 


which must be a rational and integral function of (æ, y, w). 


and hence 
[kA fx, y, w+ 2 (ba? — ay? + hw? (a, y, w], 


In partial verification of this, observe that, because U contains the terms 


2bcf (ch — af ) x62? + Qay w, 
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© should contain the terms 
2b*cf (ch — af’) a8 + 20.a*y'w’, 


viz. in @ the term in 4° should be = 26°¢f(ch — af ) a*. 
Now writing y=0, w=0, we have 
A = cf at, 
ix, y, w} = Bf {4(2 — k} —2 (6 — 6k + &)} 2°, 
= bf (4 — 4k + 2k*) 2$, 

(x, y, wF = bof ?gk*at ; 

and hence the required term of © is æ multiplied by 
beefh (4 — 4k + 2h?) + 2d%cfgk? : 


= 2b*of [ch (2 — 2k + ke) + bok], 
= 2b’ef [ch + ch (1 — kF + bgk*], 


viz. the coefficient is 


which in virtue of the relation af+bgk?+ch(1—k) becomes, as it should do, 
= 2b’cf (ch — af). 


The actual division by (fæ?+kgy)}? would, however, be a very tedious process, and 
it is to be observed, that we only require to know the term 20a*y*%w of ©. We may 
therefore adopt a more simple course as follows: the terms of © which contain w° 
are =(Aa* + 20a*7? + By‘) w*, hence writing for a moment 


fæ, y, w= P+Qw*, (a, y. w¥=R+ Sur, 
and observing that we have 
A= ( fa’ + gy’) — 2c°fg (Jè — gy") w + &e., 
(bæ -— ay +hw} = (ba - ayP+ 2h (ba? — ay?) w + &e., 
we have 
( fa? + egyy (Aat + 202°? + By’) = ch (fa? + gy’) Q — 2cifgh (Jæ — gy?) P 
+ (ba? — ay S+ 2h (bæ — ay?) R. 


But in this identical equation we may write «=a, y°=6, which gives 
(af + lbg} (Aa? + 20ab + Bb?) = ch (af + bg) Q — 2efgh (af— bg) P ; 


and from the equation 
læ, y, w =P + Qu’, 


4 {(1—k) ab + (1 — k) hw}? 
P + Qu’ = (af + bgk*) | Her jr wa i Ms si | 
+ 4k? (k — 1) bghw* (1 — k) ab, 
=— ch (k—1) {4(k—1) (ab? + 2w*abh) — 2 (5 — 6k + ke) hw’) 
— 4k? (k —1) ab’ghw’, 


we have 
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that is, 
P =— 4ch(k — 1) ab, 
Q= (k-1)abh {ch (— 6k? + 4k + 2) — 4kb}, 
whence 
(k—1) (Aa? + 2Qab + Bb’) = ab (af + bg) [ch (— 6h? + 4k + 2) — 4k°bg] 
+ 8fy (af — bg) (k — 1) (aby. 


But we have 


Aa? + Bb = — 2ab (af — bg) (— afbg + ch? + 2chaf + 2chbq), 
and thence 


2 (k-1P Q =(af + bg) [ch (— 6k? + 4k + 2) — 4k*bg] 


+(k—1) (af—bg) @ 2afbg + Zeh? + 4chaf + rik) 
+ 8afbg 


or 
(k—1F Q = (af + bg) [ch (— 3k? + 2k + 1) — 2h*bg] 
+ (k—1) (af — bg) [Bafbg + ch? + 2chaf + 2chbg]. 
Writing — 3k + 2k + 1 = — 3 (k— 1} — 4 (k — 1), this is 
0 = (af + bg? [or (-3-;%)- ay by | + (af — bg) [Bafbg + oth? + aF + d), 
> i since l:—k:k—-l=~:pu:v; and writing for shortness (af, bg, ch)=(a, B, y), 
this 1s 


o= a+ {y(-3-)—™ ph + (a6) a8 +y + 2704-298}, 


which is the value of Q: viz. the conclusion arrived at is that, eliminating @ from 
the equations l 
(J +9) (kOy —aP+h(k—1) 2e =0, 


(bk0 —a)( Oy — x) +h (k- 1)? Pw? =0: 


where Æ denotes a determinate function of af, bg, ch, viz. writing af, bg, ch=a, B, y 
and 1:—k:k—-1=X: pw: v, we have 


A+ wt v=), 
an? + Bu? + yr? = 0, 


equations which serve to determine k: the result of the elimination is the octic 


equation 
BEF +... + 20.a°y?2*w? = 0, 


where Q has the last-mentioned value. 
Gi XX. 12 
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The value of Q is unsymmetrical in its form, and there are apparently six values ; 
viz. writing 


A =(B+yy {a(-3-%) -F v} + @-y)(S+ By +2) 
B =g +a) {e(-3-2) 8 ab + (7-2) S490 + 8) 
0 =(a+ 8) (-3->)- 2 -6) (S+ aß +7), 

RDL 3- ~)- Bf (8-9) (S+ By+ o), 


iz 
ae = t= (y — a) (S + ya + $’), 


E |- (a -BS +a8 + 7), 


where for shortness S=2(By+ya+a8), the six values would be A, B, C, A,, Bı, G. 
But we have really 


A=B=C=-A,=-B8,=-4G,; 


so that Q has really only two values, equal and of opposite signs, or, what is the 
same thing, Q? has a unique value. In fact, writing for shortness 


A+ptv==P, a+ Bp +y X, 
we find at once the identity 
x (A +4,)=(B +y} (— 2X — 4raP), 
so that A=—A,, in value of P=0, X=0. And similarly B=-— B, C=- C.. 


But the demonstration of the equation A =B is more complicated. We have 
A-B= -3a (B+ y} -4a (B + yP E- 2w (B + 9)? 52+ (8-1) (S + By + #) 


+38 (y +a) +48 (y+ a} Z + 2a (y +a) ~ (ya) (S+ ya +B), 


that is, 
Nu? (A — B) = {— 3a (B + y} +38 (y +a} + (B — 9) (S+ By + æ) — (y — a) (S + ya + BY} Np? 
— 4a (B +7) Ap’ 
— 2y (B +y} vp? 


+4B(y +4) vNu 
+ 2a (y +a) s, 
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or, denoting for a moment the coefficient of M'u? by K, and writing also yv* = X — ad? — By’, 
v=P—r— p, this is 
= KXN p’ 
— 4a (B+ YF Ap 
-2 (B+) ut (X-a — By) 
+ 48 (y + a My (P—r— p) 
+ 2a (y +ayPas, 


=—2 (B+y)PwX + 48 (y+ a) uP 
+ 2a (y +a)?r! 
— 48 (y+ a) Np 
+ {-48 (y +a} + K + 2a(8 +9) Nu 
—4a(B + yY Ap! 
+28 (B + yY ws 


and here the coefficient of A'u? is found to be 


=2 faß (a +8) + y (a— BY — 3y (a + B). 
Hence, the terms without X or P are =2V, where 
V = a (y + aJt 

— 28 (y + aye 

+ {aß (a + B) + y (a — BY — Bo? (a + B)} Np? 

— 2a (B +7) Np’ 

+ B(B +7) 
and this is identically 

(a+r) a(y+a)r 
=+ QyrAp t X 4 —2 (By + ya + aß) Apu 
++) \+B(B +), 
where observing that 
ar? + Bur+y(P—-rA—-p)=X, 
we have the first factor 
(a+y)M+(B +7) e + Why =X — yP + 2yP (A+ n), 
and consequently 
ry? (A — B) = —2(8 + Y} PX +48 (y +a)NuP 
+2 {X -yP + 2yP (A+ p) {aly +a) — 2 (By + a+ aB)rAw +BB +y) p}; 
viz. in virtue of P=0, X=0, we have A=B. And thus 
A=B=C=-A,=-B,=—-(: 


so that the only values of Q are, say, A and — A. 
12—2 
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Reverting to the original equations 
(J +49) (kOy—2P+h(k—-1P &2 =0, 
(b°@ —a)( 0y — a} + h(k- 1Y Pu = 0, 


say these are 
(a,b, od, epe 10, 


(a’, b’, e, d’, &U8, 1 =90, 


then the coefficients in the two equations have the values 


Shey’, bk*y?, 
— 2kfey, — 2bk'axy, 

fe + gk+h(k-1F 2, bka? — ay? + h (k — 1) w, 
— 2gkey, Zany, 

gx’, — ax’, 


where observe that only c contains 2, and only c’ contains w°, The result of the 
elimination is 


a, p. c’, d’, e, 
viz. here the only terms which contain 2° and w* are 
cae” 2 -H ca?e?, 
and hence the terms in 2 and wè? are 


hi (k — 1% 2. a*b*htaty? + h (k —1)° u . f29*ktatys, 
viz. these are 


= hk (k — 1) ayt (abh + fgh”), 


or assuming that the determinant contains as a factor the function b°c?f*a5+...4+20x%y22*w?, 
with a properly determined value of Q, we see that the other factor is = hk‘ (k — 1) aty', 
which agrees with a preceding result. 
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